Abstract. In this paper, …rst we introduce two new types almost contractions on quasi metric space named as almost ( ; F d )-contraction of type (x) and of type (y). Then, taking into account both left and right completeness of quasi metric space, we present some …xed point results for these contractions. We also provide some illustrative and comparative examples.
Introduction and Preliminaries
Fundamentally, …xed point theory divides into three major subject which are topological, discrete and metric. Especially, it has been intensively improving on the metric case because of useful to applications. In general, metrical …xed point theory is related to contractive type mappings and it has been developed either taking into account the new type contractions or playing the structure of the space such as fuzzy metric space, quasi metric space, metric like space etc. A quasi metric space plays a crucial role in some …elds of theoretical computer service, asymmetric functional analysis and approximation theory. Now, we will recall some basic concepts of quasi metric space.
In quasi metric spaces there are many di¤erent types of Cauchyness, yielding even more notions of completeness. Another di¤erence comes from the fact that, in contrast to the metric case, in a quasi metric space a convergent sequence could not be Cauchy (see [3] for examples con…rming this situation).
Let X be nonempty set and d : X X ! R + be a function. Consider the following conditions on d, for all x; y; z 2 X : If the function d satis…es conditions (qm1) and (qm2) then d is said to be a quasi-pseudo metric on X: Further, if a quasi-pseudo metric d satis…es condition (qm3), then d is said to be a quasi metric on X, and if a quasi metric d satis…es condition (qm4), then d is said to be a T 1 -quasi metric on X: In this case, the pair (X; d) is said to be a quasi-pseudo (resp. a quasi, a T 1 -quasi) metric space. It is clear that every metric space is a T 1 -quasi metric space.
Let (X; d) be a quasi-pseudo metric space. Given a point x 0 2 X and a real constant " > 0, the set
is called open ball with center x 0 and radius ": Each quasi-pseudo metric d on X generates a topology d on X which has a base the family of open balls fB d (x; ") :
If d is a quasi-pseudo metric on X, then the function d 1 de…ned by
is a quasi-pseudo metric on X and
is a quasi metric. If d is a quasi metric, then d 1 is also a quasi metric, and d s is a metric on X.
The convergence of a sequence fx n g to x with respect to d called d-convergence
Similarly, the convergence of a sequence fx n g to x with respect to d 1 called
Finally, the convergence of a sequence fx n g to x with respect to
More and detailed information about some important properties of quasi metric spaces and their topological structures can be found in [10, 16, 17, 18] .
left K-Cauchy (or forward Cauchy) if for every " > 0; there exists n 0 2 N such that 8n; k, n k n 0 , d(x k ; x n ) < "; right K-Cauchy (or backward Cauchy) if for every " > 0; there exists n 0 2 N such that 8n; k, n k n 0 , d(x n ; x k ) < "; d s -Cauchy if for every " > 0; there exists n 0 2 N such that
If a sequence is left K-Cauchy with respect to d, then it is right K-Cauchy with respect to d 1 . A sequence is d s -Cauchy if and only if it is both left K-Cauchy and right K-Cauchy. Let fx n g be a sequence in a quasi metric space (X; d) such that
then it is left K-Cauchy sequence (see [10] ).
It is well known that a metric space is said to be complete if every Cauchy sequence is convergent. The completeness of a quasi metric space, however, can not be uniquely de…ned. Taking into account the convergence and the Cauchyness of sequences in a quasi metric space, one obtains several notions of completeness, most of them being already available in the literature (see [1, 2, 9, 10, 17, 25] ) with di¤erent notations. It can be found a detailed classi…cation, some important properties and relations for completeness of quasi metric spaces in [3] . Remark 4. If a quasi metric space is left Smyht complete, then it is also left K-complete.
We will consider the sequential continuity of a mapping T in our results.
De…nition 5 ([28]
). Let X be a nonempty set, d and be two quasi metrics on X and T : X ! X be a mapping. Then T is said to be sequentially d--continuous at
If T is sequentially d--continuous at all points of X, then T is said to be sequentially d--continuous on X.
On the other hand, -admissibility and F -contractivity of a mapping are popular concepts in recent metrical …xed point theory. The concept of -admissibility of a mapping on a nonempty set has been introduced by Samet [27] . Let X be a nonempty set, T be a self mapping of X and : X X ! [0; 1) be a function. Then T is said to be -admissible if
Using -admissibilitiy of a mapping, Samet, et al [27] provided some general …xed point results including many known theorems on complete metric spaces. We say that has (B) property on a metric space (X; d) whenever fx n g is a sequence in X such that (x n ; x n+1 ) 1 for all n 2 N and d(x n ; x) ! 0; then (x n ; x) 1 for all n 2 N:
The concept of F -contraction was introduced by Wardowski [29] . Let F be the family of all functions F : (0; 1) ! R satisfying the following conditions:
(F1) F is strictly increasing, i.e., for all ; 2 (0; 1) such that < ; F ( ) < F ( );
(F2) For each sequence fa n g of positive numbers lim n!1 a n = 0 if and only if lim n!1 F (a n ) = 1;
(F3) There exists k 2 (0; 1) such that lim !0 + k F ( ) = 0: Many authors have extended …xed point results on metric space by considering the family F. For instance, in [4, 5, 6, 11, 26] be found some …xed point results for single valued and multivalued mappings on metric space [22] . Various …xed point results for -admissible mapping on complete metric space can be found in [7, 12, 14, 15, 19, 20] .
De…nition 6 ([22]
). Let (X; d) be a metric space and T : X ! X be a mapping. Then T is said to be an almost F -contraction if F 2 F and there exist > 0 and L 0 such that
In order to check the almost F -contractiveness of a mapping T; it is necessary to check both (1) and
The aim of this paper is to present some new …xed point results on quasi metric space. To do this considering both almost and F -contractiveness of a self mapping on a quasi metric space, we introduce two type almost ( ; F d )-contractions. Then by -admissibility of a mapping, we obtaine some …xed point results on some kind of complete quasi metric space.
We can …nd some recent …xed point results for single valued and multivalued mappings on quasi metric spaces in [8, 2, 13, 21, 23, 24] 2. Fixed Point Result Let (X; d) be a quasi metric space, T : X ! X be a mapping and : X X ! [0; 1) be a function. We will consider the following set to introduce a quasi metric version of F -contractivity of a mapping: T = f(x; y) 2 X X : (x; y) 1 and d(T x; T y) > 0g .
As a slight di¤erent from metric space, we say that has (B d ) (resp. (B d 1 )) property on a quasi metric space (X; d) whenever fx n g is a sequence in X such that (x n ; x n+1 ) 1 for all n 2 N and d(x; x n ) ! 0 (resp. d(x n ; x) ! 0), then (x n ; x) 1 for all n 2 N. Similarly, we say that
De…nition 7. Let (X; d) be a quasi metric space. T : X ! X be a mapping, : X X ! [0; 1) and F 2 F be two functions. Then T is said to be an almost ( ; F d )-contraction of type (y) if there exists > 0 and L 0 such that
for all (x; y) 2 T :
De…nition 8. Let (X; d) be a quasi metric space. T : X ! X be a mapping, : X X ! [0; 1) and F 2 F be two functions. Then T is said to be an almost ( ; F d )-contraction of type (x) if there exists > 0 and L 0 such that
The following example shows the di¤erences between the above two concepts. Proof. Let x 0 2 X be such that (x 0 ; T x 0 ) 1: De…ne a sequence fx n g in X by x n = T x n 1 for all n 2 N: Since T is -admissible, then (x n ; x n+1 ) 1 for all n 2 N: Now, let d n = d(x n ; x n+1 ) for all n 2 N: If there exists k 2 N with d k = d(x k ; x k+1 ) = 0; then x k is a …xed point of T , since d is T 1 -quasi metric.
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Suppose d n > 0 for all n 2 N: In this case (x n ; x n+1 ) 2 T for all n 2 N. Since T is almost ( ; F d )-contraction of type (y), we get
Therefore we obtain that
From (5) , we get lim
From (F 3), there exists k 2 (0; 1) such that
By (5), the following holds for all
Letting n ! 1 in (6), we obtain that
From (7), there exists n 1 2 f1; 2; 3; :::g such that nd k n 1 for all n n 1 : So, we have, for all n n 1
Now let m; n 2 N with m > n n 1 ;then we get
Second, suppose (ii) holds. Then we have
Since T is sequentially d-d 1 continuous, we get d(T x n ; T z) ! 0; that is, d(z; T z) = 0: Then z is a …xed point of T; since d is T 1 -quasi metric.
Third, suppose (iii) holds. Note that in this case since X is left Smyth complete, then d s (x n ; x) ! 0 as n ! 1. On the other hand, from (F 2) and (3), it easy to conclude that d(T x; T y) < d(x; y) + Ld(y; T x) for all (x; y) 2 T : Therefore, for all x; y 2 X with (x; y) 1; we obtain
Since has (B d ) or (B d 1 ) property, then (x n ; z) 1 for all n 2 X: By (9) we get
Letting n ! 1 in (10), we obtain that d(z; T z) = 0, then z = T z:
be a function and T : X ! X be an -admissible and almost ( ; F d )-contraction of type (x). Suppose there exists x 0 2 X such that (T x 0 ; x 0 ) 1. Then T has a …xed point in X provided that one of the following conditions holds:
(i) (X; d 1 ) is Hausdor¤ space and T is sequentially
Proof. As in Theorem 11, we get the mentioned fx n g is right K-Cauchy sequence in the quasi metric space (X; d): Since (X; d) right M -complete, there exists z 2 X such that fx n g is d 1 -converges to z, that is, d(x n ; z) ! 0 as n ! 1: First, supoose (i) holds. Thus we have d(T x n ; T z) ! 0; that is, d(x n+1 ; T z) ! 0:
Third, suppose (iii) holds. Note that in this case since X is right Smyth complete, then d s (x n ; x) ! 0 as n ! 1. On the other hand, from (F 2) and (4) it easy to conclude that d(T x; T y) < d(x; y) + Ld(x; T y) for all (x; y) 2 T : Therefore, for all x; y 2 X with (x; y) 1 we obtain d(T x; T y) d(x; y) + Ld(x; T y):
Since has (C d ) or (C d 1 ) property then (z; x n ) 1 for all n 2 N: By (11) we get
Letting n ! 1 in (12), we obtain that d(T z; z) = 0, then z = T z: Proof. Let x 0 2 X be such that (T x 0 ; x 0 ) 1: De…ne a sequence fx n g in X by x n = T x n 1 for all n 2 N: Since T is -admissible, then (x n+1 ; x n ) 1 for all n 2 N:
Therefore, we obtain that
From (13), we get lim
By (13), the following holds for all n 2 N
Letting n ! 1 in (14), we obtain that
From (15), there exists n 1 2 f1; 2; 3; :::g such that nd k n 1 for all n n 1 : So, we have, for all n n 1
Third, suppose (iii) holds. Note that in this case since X is right Smyth complete, then d s (x n ; x) ! 0 as n ! 1. On the other hand, from (F 2) and (4) it easy to conclude that d(T x; T y) < d(x; y) + Ld(x; T y) for all (x; y) 2 T : Therefore, for all x; y 2 X with (x; y) 1 we obtain that d(T x; T y) d(x; y) + Ld(x; T y):
Since has (C d ) or (C d 1 ) property then (z; x n ) 1 for all n 2 N: By (17) we get
Letting n ! 1 in (18), we obtain that d(T z; z) = 0, then z = T z: Proof. As in Theorem 13, we get the mentioned fx n g is left K-Cauchy sequence in the quasi metric space (X; d): Since (X; d) left M -complete, there exists z 2 X such that fx n g is d 1 -converges to z, that is, d(x n ; z) ! 0 as n ! 1: First, supoose (i) holds. Thus we have d(T x n ; T z) ! 0; that is, d(x n+1 ; T z) ! 0: Since (X; d 1 ) is Hausdor¤ we get z = T z:
Second, suppose (ii) holds. Then we have d(T z; z) d(T z; T x n ) + d(x n+1 ; z):
Since T is sequentially d 1 -d continuous, we get d(T z; T x n ) ! 0; that is, d(T z; z) = 0: Then z is a …xed point of T , since d is T 1 -quasi metric.
Third, suppose (iii) holds. Note that in this case since X is left Smyth complete, then d s (x n ; x) ! 0 as n ! 1. On the other hand, from (F 2) and (4) it easy to conclude that d(T x; T y) < d(x; y) + Ld(y; T x) for all (x; y) 2 T : Therefore, for all x; y 2 X with (x; y) 1 we obtain that d(T x; T y) d(x; y) + Ld(y; T x):
Since has (B d ) or (B d 1 ) property then (x n ; z) 1 for all n 2 N: By (19) we get 
Letting n ! 1 in (20), we obtain that d(z; T z) = 0, then z = T z:
